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a b s t r a c t
In this work we consider the nonexistence of a positive entire solution for the quasilinear
elliptic system
∆pu = f (x)vα, ∆qv = g(x)uβ , x ∈ RN (0.1)
where p, q > 1 and α > q− 1, β > p− 1.We study the effect of the asymptotic behavior
of f (x), g(x) and solutions at infinity on the nonexistence of a positive solution for Problem
(0.1). Some sufficient conditions for nonexistence are obtained.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In this work, we deal with the nonexistence of positive entire solutions of quasilinear elliptic systems of the form
∆pu = f (x)vα, ∆qv = g(x)uβ , x ∈ RN (1.1)
where∆p is the so-called p-Laplacian operator, i.e.∆pu = div(|Du|p−2Du), with the parametersα > q−1 > 0, β > p−1 >
0; u and v are unknown functions; f and g are the given nonzero continuous functions defined in RN .
The problems involving the p-Laplacian arise in the theory of quasiregular and quasiconformalmappings (see [1]) as well
as in the study of non-Newtonian fluids. In the latter case, the quantity p is a characteristic of the medium. The situation
p > 2 corresponds to dilatant fluids, while the situation 1 < p < 2 describes pseudo-plastic fluid (see [2]). The case p = 2
describes Newtonian fluid.
For when f (x) = f (|x|), g(x) = g(|x|), the problem of existence, nonexistence and asymptotic behavior of positive radial
entire solutions for (1.1) has been extensively investigated by many authors, and numerous results have been obtained.
Related results on this topic can be found in [3–8].
Recently, Teramoto in [8] considered the system
∆pv = F(|x|, u, v), ∆qu = G(|x|, u, v), x ∈ RN (1.2)
with F ,G ≥ 0. Sufficient conditions have been obtained for (1.2) to have positive radial entire solutions of the following
types:
(1) For p < N (or q < N), bounded solutions which converge to positive constants as |x| → ∞.
(2) For p ≥ N (or q ≥ N), unbounded solutions with specific order of growth as |x| → ∞.
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When F = f (|x|)vα,G = g(|x|)uβ , (α > p− 1, β > q− 1), the sufficient conditions for having the above solutions are∫ ∞
1
rσ(p)−1f (r)Hαp (r)dr <∞,
∫ ∞
1
rσ(q)−1g(r)Hβq (r)dr <∞ (1.3)
where
σ(s) =
s s < N, 1 < s ≤ 2,
s′, 2 < s < N,
N, s ≥ N
with some s′ ∈ (s,N). The function Hs(r) is defined as follows:
Hs(r) =
1, s < N,log r, s = N,r (s−N)/(s−1), s > N.
In the present work, we are interested in conditions for the nonexistence of a positive entire solution of (1.1), from a
different angle. We investigate the effect of the asymptotic behavior of solutions and the functions f (x), g(x) at infinity on
the nonexistence of a positive solution of (1.1). We will obtain some results which to our knowledge are new even in the
scalar case. In general, we do not need the assumption that the solution is radially symmetric. We will find that if (1.3) fails
to hold, then there is no positive entire solution for (1.1).
Our approach is the so-called the test function method, which has been used in [9–12]. Some modification has been
made in our proof. The proof is based on an argument by contradictionwhich involves an a priori estimate for a nonnegative
solution of (1.1) obtained by carefully choosing a special test function and a scaling argument.
It is noted that Yarur in [13,14] used the spherical average method and studied the nonexistence of a positive solution
for (1.1) with p = q = 2. For this case, the differential operator∆ is linear. For p, q ≠ 2, it seems difficult to consider (1.1)
by this method.
We now state our main results:
Theorem 1. Suppose that:
(A1) f (x) and g(x) are continuous and f (x), g(x) ≠ 0 in RN ;
(A2) α > q− 1 > 0, β > p− 1 > 0;
(A3) one of the following conditions holds:
lim sup
R→∞
(B1(R))−nm (B2(R))−n Rγ1 <∞ (1.4)
lim sup
R→∞
(B1(R))−m (B2(R))−nm Rτ1 <∞ (1.5)
with
B1(R) = inf
ΩR
|f (x)|, B2(R) = inf
ΩR
|g(x)|, ΩR = {x ∈ RN |R ≤ |x| ≤
√
2R}
and γ1 = N(1− nm)− p− nq, τ1 = N(1− nm)− q−mp, n = (p− 1)/β,m = (q− 1)/α.
Then the system (1.1) has no positive entire solution (u, v) ∈ C1(RN)× C1(RN).
Remark 1. If f (x) = a, g(x) = b and a, b are some constants, then the condition (1.4) implies that
N − p− (p− 1)(p(q− 1)+ qα)
αβ − (p− 1)(q− 1) ≤ 0. (1.6)
Similarly, the condition (1.5) gives that
N − q− (q− 1)(q(p− 1)+ pβ)
αβ − (p− 1)(q− 1) ≤ 0. (1.7)
This coincides with that in Theorem 22.1 in [12].
Theorem 2. Suppose that (A1)–(A2) hold in Theorem 1. In addition,lim supR→∞ (B1(R))
−β (B2(R))1−p R−(pβ+(p−1)q) <∞
lim sup
R→∞
(B1(R))1−q (B2(R))−α R−(qα+(q−1)p) <∞. (1.8)
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Then, we have:
(1). If f (x), g(x) < 0 in RN , then there is no positive entire solution (u, v) ∈ C1(RN)× C1(RN) satisfying
lim inf|x|→∞ u(x) > 0, lim inf|x|→∞ v(x) > 0. (1.9)
(2). If f (x) = f (|x|), g(x) = g(|x|) > 0 in RN , then there is no positive radial entire solution (u, v) ∈ C1(RN)× C1(RN).
Remark 2. In case (1), it is possible that there is a positive solution (u, v) satisfying
lim|x|→∞ u(x) = lim|x|→∞ v(x) = 0 (1.10)
see [15,4].
Remark 3. In Theorems 1–2, the assumption p, q < N is not necessary, which is different from the case in [3–6].
2. Proofs of main theorems
Proof of Theorem 1. We first choose a nonnegative function φ0(s) ∈ C10 [0,∞) as follows:
φ0(r) =

1, 0 ≤ s ≤ 1
0, s ≥ 2
with 0 ≤ φ0(s) ≤ 1 for s ≥ 0, andφ′0(s) ≤ k1φ1−θ0 (s) s ≥ 0, for some k1 > 0 (2.1)
where 0 < θ < 1 and
θ < min

β − p− k+ 1
pβ
,
β − (1− k)(p− 1)
pβ
,
α − q− k+ 1
qα
,
α − (1− k)(q− 1)
qα

(2.2)
in which k is so small that β > max{p+ k− 1, (1− k)(p− 1)}, α > max{q+ k− 1, (1− k)(q− 1)}. This is possible since
α > q− 1, β > p− 1.
Let R ≥ 1 and φ(x) = φ0(R−2|x|2). It is easy to see that for any x ∈ RN , φ(x)→ 1 as R →∞.
If f (x), g(x) < 0 in RN , we consider the quasilinear elliptic system
−∆pu = −f (x)vα, −∆qv = −g(x)uβ , x ∈ RN . (2.3)
The following proof is true for (2.3). Therefore, we suppose that f (x), g(x) > 0 in RN and investigate the system (1.1).
Let (u, v) be a positive entire solution of (1.1). We take the parameter k > 0 so small that β > p+ k− 1, α > q+ k− 1.
For (2.3), we take k < 0.
Multiplying the first equation in (1.1) by ukφ and integrating by parts, we find∫
RN
f (x)vαukφdx = −k
∫
RN
|Du|puk−1φdx−
∫
RN
uk|Du|p−2DuDφdx. (2.4)
Then applying the Young inequality with the parameter ε > 0, we have∫
RN
uk|Du|p−1|Dφ|dx ≤ ε
∫
RN
|Du|puk−1φdx+ Cε
∫
RN
φ1−pup+k−1|Dφ|pdx. (2.5)
We take ε = k/2 > 0. Then we get from (2.4)–(2.5) that∫
RN
f (x)vαukφdx+ k
2
∫
RN
|Du|puk−1φdx ≤ C1
∫
RN
φ1−pup+k−1|Dφ|pdx. (2.6)
Similarly, multiplying the second equation in (1.1) by vkφ and integrating by parts, we have∫
RN
g(x)uβvkφdx+ k
2
∫
RN
|Dv|qvk−1φdx ≤ C2
∫
RN
φ1−qvq+k−1|Dφ|qdx. (2.7)
Here and in the sequel, the generic positive constants C, C1, C2, . . . , Ci depend only on k, p, q, α, β and φ0(s). Now, let us
multiply (1.1) by φ, integrate by parts and apply the Hölder inequality:∫
RN
f (x)vαφdx ≤
∫
RN
|Du|puk−1φdx
(p−1)/p ∫
RN
φ1−p|Dφ|pu(1−k)(p−1)dx
1/p
(2.8)
∫
RN
g(x)uβφdx ≤
∫
RN
|Dv|qvk−1φdx
(q−1)/q ∫
RN
φ1−q|Dφ|qv(1−k)(q−1)dx
1/q
. (2.9)
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Hence we have from (2.6) and (2.7) that∫
RN
|Du|puk−1φdx ≤ C3
∫
RN
φ1−pup+k−1|Dφ|pdx (2.10)∫
RN
|Dv|qvk−1φdx ≤ C4
∫
RN
φ1−qvq+k−1|Dφ|qdx. (2.11)
Using (2.10)–(2.11), we deduce from (2.8)–(2.9) that∫
RN
f (x)vαφdx ≤ C
∫
RN
φ1−pup+k−1|Dφ|pdx
(p−1)/p ∫
RN
φ1−p|Dφ|pu(1−k)(p−1)dx
1/p
(2.12)
∫
RN
g(x)uβφdx ≤ C
∫
RN
φ1−qvp+k−1|Dφ|qdx
(q−1)/q ∫
RN
φ1−q|Dφ|qv(1−k)(q−1)dx
1/q
. (2.13)
We now apply the Hölder inequality to the first integral on the right-hand side of (2.12):∫
RN
φ1−pup+k−1|Dφ|pdx ≤
∫
RN
uβg(x)φdx
1/a ∫
RN
φ1−pa
′ |Dφ|pa′g−a′/adx
1/a′
(2.14)
with
1
a
+ 1
a′
= 1, a(p+ k− 1) = β, a, a′ > 1.
Repeating this procedure for the second integral in (2.12), we obtain∫
RN
φ1−p|Dφ|pu(1−k)(p−1)dx ≤
∫
RN
uβg(x)φdx
1/y ∫
RN
φ1−py
′ |Dφ|py′g−y′/ydx
1/y′
(2.15)
with
1
y
+ 1
y′
= 1, (1− k)(p− 1)y = β, y, y′ > 1.
Taking into account (2.14)–(2.15), we infer from (2.12) that∫
RN
f (x)vαφdx ≤ C
∫
RN
g(x)uβφdx
n
A1A2 (2.16)
where n = (p− 1)/β and
A1 =
∫
RN
φ1−pa
′ |Dφ|pa′g−a′/adx
(p−1)/pa′
, A2 =
∫
RN
φ1−py
′ |Dφ|py′g−y′/ydx
1/py′
.
Similarly, we have∫
RN
g(x)uβφdx ≤ C
∫
RN
f (x)vαφdx
m
A3A4 (2.17)
wherem = (q− 1)/α and
A3 =
∫
RN
φ1−qb
′ |Dφ|qb′ f −b′/bdx
(q−1)/qb′
, A4 =
∫
RN
φ1−qλ
′ |Dφ|qλ′ f −λ′/λdx
1/qλ′
with
(1− k)(q− 1)λ = α; (k+ q− 1)b = α; 1
b
+ 1
b′
= 1; 1
λ
+ 1
λ′
= 1, b, b′, λ, λ′ > 1.
Then we obtain∫
RN
f (x)vαφdx
t
≤ CA1A2An3An4,
∫
RN
g(x)uβφdx
t
≤ CAm1 Am2 A3A4 (2.18)
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with t = 1− nm = 1− (p− 1)(q− 1)/αβ > 0. In the following, we will derive an a priori estimate for Ai with respect to
R. We first note that
A1 ≤ (B2(R))(1−p)/pa
∫
RN
φ1−pa
′ |Dφ|pa′dx
(p−1)/pa′
. (2.19)
Next, let us change the variables x = Rξ . Then we obtain∫
RN
φ1−pa
′ |Dφ|pa′dx =
∫
Ω1
φ
1−pa′
0 |Dξφ0|pa
′
RN−pa
′
dξ ≡ a1RN−pa′
withΩ1 = {ξ ∈ RN |1 ≤ |ξ | ≤
√
2} and φ0 = φ0(|ξ |2). Hence
A1 ≤ (B2(R))(1−p)/pa R(p−1)(N−pa′)/pa′ (a1)(p−1)/pa′ . (2.20)
Similarly, we have
A2 ≤ (B2(R))−1/pyR(N−pa′)/py′ (a2)1/py′ , A4 ≤ (B1(R))−1/qλR(N−qλ′)/qλ′ (a4)1/qλ′ (2.21)
A3 ≤ (B1(R))(1−q)/qbR(q−1)(N−pb′)/qb′ (a3)(q−1)/qb′ . (2.22)
where
a2 =
∫
Ω1
φ
1−py′
0 |Dξφ0|py
′
dξ, a3 =
∫
Ω1
φ
1−qb′
0 |Dξφ0|qb
′
dξ ; a4 =
∫
Ω1
φ
1−qλ′
0 |Dξφ0|qλ
′
dξ .
By the assumptions (2.1) and (2.2) onφ0, we know that 0 < ai <∞, i = 1, 2, 3, 4. Therefore, it follows from (2.18)–(2.22)
that ∫
RN
f (x)vα(x)φ(x)dx
t
≤ CF1(R),
∫
RN
g(x)uβ(x)φ(x)dx
t
≤ CG1(R) (2.23)
where the constant C > 0 depends only on k, p, q, α, β andφ0(s) and γ1 = N(1−nm)−p−nq, τ1 = N(1−nm)−q−mp, n =
(p− 1)/β,m = (q− 1)/α and
F1(R) = (B1(R))−nm (B2(R))−n Rγ1 , G1(R) = (B1(R))−nm (B2(R))−nm Rτ1 . (2.24)
If F1(R)→ 0 and G1(R)→ 0 as R →∞, we have from (2.23) that∫
RN
f (x)vα(x)dx = 0,
∫
RN
g(x)uβ(x)dx = 0. (2.25)
This implies that u = v ≡ 0 in RN and contradicts u, v > 0 in RN .
We now consider the case lim supR→∞ F1(R) <∞ and lim supR→∞ G1(R) <∞. Note that (2.23) shows that∫
RN
f (x)vα(x)dx <∞,
∫
RN
g(x)uβ(x)dx <∞. (2.26)
By the definition of the test function φ(x), it follows from (1.1) that∫
B2R
f (x)vα(x)φ(x)dx = −
∫
B2R
|Du|p−2DuDφ ≤
∫
ΩR
|Du|p−1|Dφ|dx
and ∫
BR
f (x)vα(x)dx ≤
∫
B2R
f (x)vα(x)φ(x)dx ≤
∫
ΩR
|Du|p−1|Dφ|dx
≤
∫
ΩR
|Du|puk−1φ(x)dx
(p−1)/p ∫
ΩR
φ1−p|Dφ|pu(1−k)(p−1)dx
1/p
whereΩR = {x ∈ RN |R ≤ |x| ≤
√
2R}.
Similarly, we have∫
BR
g(x)uβ(x)dx ≤
∫
B2R
g(x)uβ(x)φ(x)dx ≤
∫
ΩR
|Dv|q−1|Dφ|dx
≤
∫
ΩR
|Dv|qvk−1φ(x)dx
(q−1)/q ∫
ΩR
φ1−p|Dφ|qv(1−k)(q−1)dx
1/q
.
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Reasoning as in the first part of the proof, we infer that∫
BR
f (x)vα(x)dx ≤ CF1(R)
∫
ΩR
f (x)vα(x)φ(x)dx
mn
∫
BR
g(x)uβ(x)dx ≤ CG1(R)
∫
ΩR
g(x)uβ(x)φ(x)dx
mn
.
By (2.26) and lim supR→∞ F1(R) <∞, lim supR→∞ G1(R) <∞, we derive
lim
R→∞
∫
ΩR
f (x)vα(x)dx = 0, lim
R→∞
∫
ΩR
g(x)uβ(x)dx = 0
and ∫
RN
f (x)vα(x)dx = 0,
∫
RN
g(x)uβ(x)dx = 0.
These imply that u = v ≡ 0 in RN . This contradiction completes the proof of Theorem 1. 
Proof of Theorem 2. For f (x), g(x) ≤ 0 in RN , we use the same argument as in the proof of Theorem 1 and obtain the
estimates (2.23), in which f (x) and g(x) are replaced by−f (x) and−g(x) respectively. We have
−
∫
RN
f (x)vα(x)φ(x)dx ≥ inf
ΩR
|f (x)| inf
ΩR
vα(x)
∫
ΩR
φ(x)dx = C0RNB1(R) inf
ΩR
vα
with C0 =

Ω1
φ0(|ξ |2)dξ . Then it follows from (2.23) that
inf
ΩR
v(x) ≤ C (B1(R))−β/γ0 (B2(R))(1−p)/γ0R−(pβ+q(p−1))/γ0 ≡ F2(R) (2.27)
with γ0 = αβ − (p− 1)(q− 1) > 0. Similarly, we have
inf
ΩR
u(x) ≤ C(B1(R))(1−q)/γ0(B2(R))−α/γ0R−(qα+p(q−1))/γ0 ≡ G2(R). (2.28)
Then the assumptions that F2(R),G2(R)→ 0 as R →∞ imply that
lim inf
R→∞ u(x) = lim infR→∞ v(x) = 0. (2.29)
This is also true for the case of f (x), g(x) > 0 inRN . Then conclusion (1) of Theorem2 follows from (2.29). If the continuous
functions f (x) and g(x) are positive radially symmetric with respect to x, then the solution (u, v) of (1.1) is also radially
symmetric; see [8,1] and references therein. It is easy to see that the solutions (u(r), v(r)) are nondecreasing with respect
to r = |x|. Hence (2.29) gives that u = v ≡ 0 in RN and the proof of Theorem 2 is completed. 
3. Example
In this section, we give an example to illustrate our results.
Example. Consider the elliptic system
∆pu = f (x)uα, ∆qv = g(x)uβ x ∈ RN (3.1)
with α > q− 1, β > p− 1 > 0, f , g ≠ 0 and f , g ∈ C(RN). The following result follows from Theorems 1–2.
Theorem 3. Suppose that there exist d1, d2 ≠ 0 and λ1, λ2 such that f (x) ∼ d1|x|λ1 , g(x) ∼ d2|x|λ2 as |x| → ∞.
(1). If λ1, λ2 satisfy
β(λ1 + p)+ (p− 1)(λ2 + q)+ (p− 1)(q− N)

αβ
(p− 1)(q− 1) − 1

> 0 (3.2)
(q− 1)(λ1 + p)+ α(λ2 + q)+ (q− 1)(p− N)

αβ
(p− 1)(q− 1) − 1

> 0 (3.3)
then (3.1) has no positive entire solution (u, v).
(2). Suppose that f (x) and g(x) are positive and symmetric with respect to x. Suppose λ1, λ2 satisfy
β(λ1 + p)+ (p− 1)(λ2 + q) > 0, (q− 1)(λ1 + p)+ α(λ2 + q) > 0, 1 < p, q < N. (3.4)
Then (3.1) has no positive entire radial solution (u(r), v(r)).
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Remark 4. If p = q, α = β and λ1 = λ2 = 0, d1 < 0, then system (3.1) becomes the scalar equation
∆pu = d1uα x ∈ RN . (3.5)
The condition (3.2) implies that
1 < α <
N(p− 1)
N − p if 1 < p < N. (3.6)
Then Theorem 3 gives the nonexistence result in [11].
Remark 5. It is easy to verify that if (3.4) holds, then we have either∫ ∞
1
rσ(p)−1f (r)Hαp (r)dr = ∞ or
∫ ∞
1
rσ(q)−1g(r)Hβq (r)dr = ∞.
This shows that if the assumption (1.3) fails to hold, then there is no positive solution for (3.1).
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